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EFFECTIVE MASSES FOR LAPLACIANS ON PERIODIC GRAPHS 


EVGENY KOROTYAEV AND NATALIA SABUROVA 

Abstract. We consider Laplacians on periodic both discrete and metric equilateral graphs. 
Their spectrum consists of an absolutely continuous part (which is a union of non-degenerate 
spectral bands) and flat bands, i.e., eigenvalues of infinite multiplicity. We estimate effective 
masses associated with the ends of each spectral band in terms of geometric parameters of 
graphs. Moreover, in the case of the beginning of the spectrum we determine two-sided 
estimates of the effective mass in terms of geometric parameters of graphs. The proof is based 
on the Floquet theory, the factorization of fiber operators, the perturbation theory and the 
relation between effective masses for Laplacians on discrete and metric graphs, obtained in 
our paper. 


1. Introduction and main results 


1.1. Introduction. The effective mass approximation is a standard approach in physics (e.g. 
in solid state physics). By this approach, the dynamics of a particle in a periodic medium is 
replaced by the dynamics of a model particle in a model (simple) medium. Roughly speaking, 
in this approach, a complicated Hamiltonian is replaced by the model Hamiltonian — ^ , 
where A is the Laplacian and m is the so-called effective mass. Note that in physics there are 
a lot of results (a few million references) associated with effective masses. We mention the 
pioneer paper of Luttineer-Kohn (LK55J and new results (Beal2J. p3TV14j. (CL12J. (lea m, 
m nu, and see references therein. 

Now we give few definitions. Consider the band function A(i9) of some Hamiltonian, where 
$ = ( , d Q )^ =1 G T d = W * 1 / (2n'L) d is the quasimomentum. Let the extremum of the band 
function A(i9) be located at the point $o £ T d . Then the function A(d) can be expanded into 
the Taylor series 

A(t}) = A(A) + ^v) + 0{\ V \ 3 ), 

1 JU (1.1) 

where jifq) = - ^ M a pq a q p , q = d - t? 0 = {Va) a =i- 

a, 0=1 


We 

has 

the 

by 


call the quadratic form /a(q) the effective form. Here the linear terms vanish, since A(i9) 
an extremum at the point $o- If A($) has a minimum (maximum) at the point i9 0 , then 
effective form n(q) is non-negative (non-positive). The matrix M = ^ =l is given 


d 2 A(i?o) 

dd a dd 


and the matrix m = M 1 represents a tensor, which is called the effective mass tensor. The 
components of this tensor depend on the coordinate system in quasimomentum space. In 
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fact, the complicated Hamiltonian is replaced by the model Hamiltonian (the quadratic form) 
MO = |( ? « _1 00, where f V- 


There are a lot of papers devoted to effective masses. In the case of the Schrodinger operator 
with a periodic potential on the real line the effective mass tensor is the scalar and is called 
the effective mass. We recall results in this case: 

1) Each effective mass is not degenerate, see [F78j . 

2) For ID periodic case Firsova [F75 j constructed the conformal mapping, i.e., the analytic 
continuation of the quasi-momentum. This conformal mapping in terms of the effective masses 
was studied in [ KK95j . 

3) There are global estimates of effective masses in terms of norms of potentials, or gap 
lengths, band lengths in [K97]. 

4) There is a solution of the inverse problem in terms of the effective masses in [ KK97 ], i.e., 
to recover the periodic potential by the sequence of effective masses. 

Thus, the effective masses in ID case are well understood. 

The effective mass tensor for the multi-dimensional Schrodinger operator with a periodic 
potential is considered by many authors, but still there are a lot of problems in this subject. 
The so-called effective mass approximation is important to study different problems. We 
mention only few ones: 

1) Discrete spectrum in the gap of the Schrodinger operator with a periodic potential per¬ 
turbed by a decaying potential. There are a lot of papers about, see [ B96ij . [ BS91] , [S98j and 
references therein. 

2) Homogenization theory has been used to study periodic elliptic operators near spectral 
band edges, see |A08] . |AP05j . |BNllj . |B04] . |BS04j . |HW11] and references therein. 

3) Nonlinear waves in periodic media, see [Sp06 


[ IM10] and references therein. 


4) Linear and nonlinear waves in honeycomb media, see [ AY12j . AY 13j . |FW14j . [K08 j and 
references therein. 

Firstly, we remark that the properties of band functions in the case of the periodic magnetic 
Schrodinger operator are more complicated than without magnetic fields, and the effective 
mass tensor can be degenerate at some magnetic held, see [SO I;. i STiii . Secondly, in the case 
of effective masses for graphs we know only one paper |K08j . where estimates of effective 
masses for zigzag nanotubes in magnetic fields were considered. 


In our paper we consider effective masses for Laplacians on periodic discrete and metric 
equilateral graphs. We describe now our main goals: 

1) to estimate effective masses associated with the ends of each spectral band in terms of 
geometric parameters of graphs; 

2) at the beginning of the spectrum to obtain a precise expression for the effective masses 
and a two-sided estimate of the effective mass tensor (as a matrix) in terms of geometric 
parameters of graphs. 

The proof for the discrete case is based on the Floquet theory, the factorization of fiber 
operators and the perturbation theory. The proof for the metric case is essentially based on 
the precise relations between the eigenvalues of fiber metric and discrete Laplacians determined 
in | KS15cj . These relations allow to obtain a simple identities between effective masses for 
the discrete and metric cases. 
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The results about effective masses are important for the spectral theory of Schrodinger 
operators on periodic metric graphs. For example, using the precise relations between the 
eigenfunctions of fiber metric and discrete Laplacians and the estimate of the effective masses 
associated with the beginning of the spectrum in [ KS15c] we prove that 

• all eigenfunctions of the Laplacians on a periodic metric graph are uniformly bounded; 

• for Schrodinger operators with real integrable potentials on periodic metric graphs the 
wave operators exist and are complete. Furthermore, the standard Fredholm determinant 
is well-defined without any modification for any dimension. Moreover, the determinant is 
analytic in the upper half-plane and the corresponding S-matrix satisfies the Birman-Krein 
identity; 

• the difference of the resolvents for a Schrodinger operator with a real integrable potential 
and for the corresponding Laplace operator on a periodic metric graph belongs to the trace 
class for any dimension. Note that for Schrodinger operators on R d , d ^ 2, this is not holds 
true. 


1.2. Periodic graphs. There are a lot of results about Laplacians and Schrodinger operators 
on periodic discrete and metric graphs, see |BK13j . |HN09j . |HS04j . |KS14] - [KS15cj . [LP08] . 
[P12j . |RRD7j . [S90j, [SS92J and references therein. For the case of periodic graphs we know 
few papers about estimates of bands and gaps: 

(1) Lledo and Post fLP08j estimated the positions of spectral bands of Laplacians both 
on metric and discrete graphs in terms of eigenvalues of the operator on finite graphs (the 
so-called eigenvalue bracketing). 

(2) Korotyaev and Saburova KS 15a described a localization of spectral bands and estimated 
the Lebesgue measure of the spectrum of Schrodinger operators with periodic potentials on 
periodic discrete graphs in terms of eigenvalues of Dirichlet and Neumann operators on a 
fundamental domain of the periodic graph. 

(3) Korotyaev and Saburova |KS14] considered Schrodinger operators with periodic poten¬ 
tials on periodic discrete graphs and estimated the Lebesgue measure of their spectrum in 
terms of geometric parameters of the graph only. Moreover, they estimated a global variation 
of the Lebesgue measure of the spectrum and a global variation of gap-length in terms of 
potentials and geometric parameters of the graph. 

(4) Korotyaev and Saburova [KS15bj considered Laplacians on periodic equilateral metric 
graphs and estimated the Lebesgue measure of the bands and gaps on a finite interval in terms 
of geometric parameters of the graph. 

Let r = (V, £) be a connected infinite graph, possibly having loops and multiple edges, 
where V is the set of its vertices and £ is the set of its unoriented edges. An edge connecting 
vertices u and v from V will be denoted as the unordered pair (u,v) e G £ and is said to be 
incident to the vertices. Vertices u, v G V will be called adjacent and denoted by u ~ v, if 
(u,v) e G £. We define the degree x v of the vertex v G V as the number of all its incident 
edges from £ (here a loop is counted twice). 

Below we consider locally finite Z c/ -periodic graphs T, d ^ 2, i.e., graphs satisfying the 
following conditions: 

1) T is equipped with an action of the free abelian group 7L d ; 

2) the degree of each vertex is finite; 

3) the quotient graph T* = T /Z d is finite. 
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Remark. 1) We do not assume the graph be embedded into an Euclidean space. But in 
main applications such a natural embedding exists (e.g., in modeling waves in thin branching 
” graph-like” structures: narrow waveguides, quantum wires, photonic crystal, blood vessels, 
lungs, see [ BK13] , [P12] ). The tight-binding approximation is commonly used to describe 
the electronic properties of real crystalline structures (see, e.g., [ A76] ). This is equivalent to 
modeling the material as a discrete graph consisting of vertices (points representing positions 
of atoms) and edges (representing chemical bonding of atoms), by ignoring the physical char¬ 
acters of atoms and bonds that may be different from one another, see [Sl3j . The model 
gives good qualitative results in many cases. In this case a simple geometric model is a graph 
T embedded into d in such a way that it is invariant with respect to the shifts by integer 
vectors m G Z d , which produce an action of Z d . 

2) We also call the quotient graph T* = Y/Z d the fundamental graph of the periodic graph T. 
If T is embedded into the space W l the fundamental graph T* is a graph on the surface R d /Z d . 
The fundamental graph T* = (!/*,£*) has the vertex set Id* = E/Z d and the set £* = £/Z d of 
unoriented edges. 


Let 1 2 {V) be the Hilbert space of all square summable functions / : V —> C, equipped with 
the norm 

\\f\\%(v) = '%2\f(v) I 2 < °°- 
vev 

We define the discrete normalized Laplacian (i.e., the Laplace operator) A on / G i 2 {V) by 

1 f f{v) f{u)' 


(A/)M = 


E 

{v, u)e&£ 


veV, 


(1.3) 


where x v is the degree of the vertex v G V and all loops in the sum (II.3[) are counted twice. 


1.3. The definition of edge indices. In order to define the Floquet-Bloch decomposition 
(11.8)1 of discrete Laplacians we need to introduce two oriented edges [u, v) and (v, u ) for each 
unoriented edge {u,v) e G £: the oriented edge starting at u G V and ending at v G V will 
be denoted as the ordered pair (u,v). Let A and A * be the sets of all oriented edges of the 
periodic graph T and its fundamental graph T*, respectively. 

We define two surjections 

fv ; V -A K = V/Z d , f A : A -A A = A/Z d , (1.4) 

which map each element to its equivalence class. 

We use an edge index, which was introduced in [ KS14 ], The indices are important to study 
the spectrum of Laplacians and Schrodinger operators on periodic graphs, since the fiber 
operator is expressed in terms of edge indices of the fundamental graph (see (12.511 ). The 
estimates of the effective masses are also obtained in terms of edge indices. 

Let v = ffV*, where JfA is the number of elements of the set A. We fix any v vertices of 
the periodic graph T, which are not Z d -equivalent to each other and denote this vertex set 
by Vo- We will call Vo a fundamental vertex set of T. For any v G V the following unique 
representation holds true: 

v = v Q + [u], v 0 G Vo, M G Z d , (1.5) 

where Vo + [u] denotes the action of [r>] G Z d on u 0 G Vo- In other words, each vertex v 
can be obtained from a vertex vq G Vq by the shift by a vector |u] G Z d . We will call [u] 
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coordinates of the vertex v with respect to the fundamental vertex set V 0 . For any oriented 
edge e = (u,v) G A we define the edge ’’index” r(e) as the integer vector by 

r(e) = [v] - [u] G Z d , (1.6) 


where, due to oa, we have 

u = u 0 +[u], V = Vo + [u], Mo,Mo G Vo, M, M G 

In general, edge indices depend on the choice of the set Vo. We note that edges connecting 
vertices from the fundamental vertex set Vo have zero indices. Edges with nonzero indices will 
be called bridges. The bridges provide the connectivity of the periodic graph. 

If e is an oriented edge of the graph T, then by the definition of the fundamental graph 
there is an oriented edge e* = |U(e) on T*. For the edge e* G A * we define the edge index 
T(e*) by 

r(e*) = r(e). (1.7) 

In other words, edge indices of the fundamental graph T* are induced by edge indices of the 
periodic graph T. An index of a fundamental graph edge with respect to the fixed fundamental 
vertex set Vo is uniquely determined by (II.7p . since 

r(e + m) = r(e), V (e, m) G A x Z d . 

1.4. Spectrum of discrete Laplacians. The discrete Laplacian A on f 2 (E) is self-adjoint 
and has the standard decomposition into a constant fiber direct integral by 

UAU ~ 1 = 

T d = M d /(27rZ) d , for some unitary operator U. Here £ 2 (I4) = C u is the fiber space, u = ffV*. 
The precise expression of the Floquet v x v matrix A(id) for the Laplacian A is given by (12. 5jh 
Note that A(0) is the Laplacian on T*. 

It is convenient to separate all flat bands from other bands of the Laplacian. Recall that 
A* is an eigenvalue of A iff A* is an eigenvalue of A(d) for any id G T d (see Proposition 4.2 in 
1 1X09 h Thus, if the operator A has r A 0 flat bands, then we denote them by 

Aj('d) = const, Mu — r < j ^ v, Wide T d . (1.9) 

All other eigenvalues (band functions) Ai('d),..., \ u _ r (id) are not constant. They can be 
enumerated in non-decreasing order (counting multiplicities) by 

Ai(tf) ^ A 2 (d) ^ ... ^ A„_ r (tf), Vi? G T d . (1.10) 

Note that each X n (id) G [0,2], n e = {1 ,...,u}. Since A(i9) is self-adjoint and analytic 
in id G T d , each band function A n (-), n G is a real and piecewise analytic function on the 
torus T d and creates the spectral band cr n (A) given by 

a„(A) = [A-,A+] = A n (T d )c[0,2], 


p (1 - 8) 
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Thus, the spectrum of the Laplacian A on the discrete periodic graph T has the form 

V 

a(A) = |J a(A(d)) = (J a n ( A) = <r ac (A) Ucr /b (A), 

i?eT d n =1 


a ac (A) = (J a n (A), a fb ( A) = (J <x n (A). 

n =1 n=v— r+1 


( 1 . 12 ) 


Here a ac ( A) is the absolutely continuous spectrum, which is a union of non-degenerate intervals 
from (II.ll|i . and <7/6 (A) is the set of all flat bands (eigenvalues of infinite multiplicity). An 
open interval between two neighboring non-degenerate spectral bands is called a spectral gap. 


1.5. Effective masses for discrete Laplacians. Let A('d), d E T d , be a band function of 
the Laplacian A and let A('d) have a minimum (maximum) at some point d 0 - Assume that 
A('do) is a simple eigenvalue of A(do). Then the eigenvalue A('d) has the Taylor series as 
i? = i?o + ecu, u) E § d_1 , e = I'd — $ 0 | —» 0: 

A('d) = A(i?o) + s 2 p,{u) + 0(e 3 ), /i(w) = A A(do + ew )| £=0 i (1-13) 

where u = du/de and E> d is the d-dimensional sphere. 

Now we estimate the effective forms p(ca) associated with the ends of each spectral band. 

Theorem 1.1. Let a band function A(d), d E T d , have a minimum (maximum) at some point 
$o an d let A('do) be a simple eigenvalue of A(d 0 )- 
satisfies 

T 2 

|bM| ^ — + T 2 
P 

where T s — - max > 

s «ev. ^ 

e=(u,v)£A * v 

where p = p(d 0 ) is the distance between A($ 0 ) an d the set cr(A(d 0 )) \ {A($ 0 )}> an d r(e) is 
t/ie index of the edge e E A*. 


Then the effective form p(cu) /rom ( QTT^) 


V w g S' 


d—1 


Tie) 


A " 


. a = 1,2, 


(1.14) 

(1.15) 


In order to discuss the effective mass in the case of the beginning of the spectrum in The¬ 
orem O we need recall some notions. We orient the undirected edges of the fundamental 
graph T* from the set £* in some arbitrary way and denote by £>* the set of all bridges from 
£*. Let z/* = and let zy = We recall that u = ffV*. It is well known (see, e.g., 

[ Ch97] ) that A(0) = d*d, where the iz.Xiz matrix d = {d ej „}ee£* is given by 

if v is the terminal vertex of e 

if v is the initial vertex of e . (1.16) 

otherwise 



Since a ^-periodic graph T is connected, there exist d bridges e 1; ..., G with linearly 
independent indices r(ei),... ,T(e d ) G Z d . Let 7o be the d x d nonsingular matrix whose 
rows are linearly independent indices of the bridges e 1; ..., and let 71 be the h>\ X d matrix, 
ui = ffB*, whose rows are indices of all bridges e 1; ..., e vi from the set £>*, i.e., 


T 0 = 


/ r ( e i) 

V r(e d ) 



Ti = 


^( e i) 

r(e Ul ) 


(1.17) 
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We denote by A 0 > 0 the smallest eigenvalue of the matrix and by Ai the largest 

eigenvalue of the matrix T*T\. For each r — ... ,Tf) G we define the vector r + = 

(N,...,|T d |). 

Theorem 1.2. Let /i(-) be the effective form at the beginning of the spectrum defined in hi. 13) . 
Then each p{uj), u G 8 d_1 , satisfies 

= \\P*h(u)\\l, (1.18) 

< WhMWl = «e),u>) 2 < — . (1.19) 

x v a x z ' x 

eeB, 

where P * is the orthogonal projection of C u * onto the kernel of d* and the vector h(oj) is 
given by 

h (u) = -^=((r(e), u)) eG£t e C*, x= ^x v , (1.20) 

* vGV* 

v is the number of the fundamental graph vertices, z/* is the number of the fundamental graph 
edges from £|| • ||* denotes the norm in C u *, r(e) is the index of the edge e G £*, (•, •) 
denotes the standard inner product in M. d . 

Moreover, the eigenvalues A 0 and A x satisfy 

< A 0 ^ Ai ^ max (r + (e 0 ), V] r+ ( e )) , (1-21) 

eoS \ L —' / 

egB, 

where C = ||r(ej)|| 2 . 

i=i 

Remark. 1) The upper estimate for p,(oj) in (jl. 19j) follows directly from (I1.18p . The proof of 
the lower estimate for /i(c a) is a more complicated problem. In particular, the lower estimate 
in (ll.lOp means that the effective mass tensor associated with the beginning of the spectrum 
is finite. 

2) For the most popular periodic graphs (the d-dimensional square lattice, the hexagonal 
lattice, the Kagorne lattice, the face-centered cubic lattice, the body-centered cubic lattice 
and etc.) there exist d bridges with indices forming an orthonormal basis in (with respect 
to some fundamental vertex set). In this case A 0 = 1 and the lower estimate of the effective 
form in (j 1.19 p takes the simple form 

0 < —< u(u). ( 1 . 22 ) 

xv d 

3) Each Floquet matrix A(d), d G T d , has the factorization A(i?) = V*('d)V('d), where 
V(d) is defined in (12.811 . 

4) The number of vertices v and the number of edges z/* of the fundamental graph can be 
arbitrary, but there is the restriction (see Theorem 1.2 in jKSISaj ): 

v + d ^ z/* + 1. 

5) There are a lot of papers devoted to estimates of the smallest and the largest eigenvalues 
of a non-negative matrix A*A, where A is an m x n real (complex) matrix (see [N07] , [SD97], 
| TC07 ] and references therein). 


d — 1 
C 
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Let a matrix M ^ 0 be defined by the effective form /i{uf) = ( Mu,u ;). Then the effective 
mass tensor has the form 

m = M _1 . 

Let 0 ^ Mi ^ M 2 ^ ... ^ M d be the eigenvalues of M. Then the eigenvalues irq ^ m 2 ^ 
... ^ wid of m satisfy m s — , s — 1,..., d. 


Corollary 1.3. 

Let e 0 G £>*. 

Then 

at the 

beginning of the spectrum the following estimates 

hold true 









Co ^ 

TV M < C ,, 

(1.23) 



xv d 


1 

(1.24) 



Ao 

^ Wl\ 

^ ... > m d ^ — , 

G-i 

where 







Co = 

1 | ^ 
XV 

:e 0 )ii 2 , 

Cl = - ||r(e)|| 2 . 

e€B« 

(1.25) 


Remark. 1) There are a lot of physical problems, where some parameters are expressed in 
terms of effective masses. For example, in 3D case there is an effective mass which corresponds 
to the density of states effective mass, given by 

m dens = (K 2 mim 2 m 3 ) 3 , (1.26) 

where n is a degeneracy factor (see, e.g., |G90j ). Thus, we can estimate m dens in terms of 
lattice parameters. In particular, the estimates (jl. 24[) give 


2 

K3 

^ Widens ^ 

G'l 


K3 xv d 


K 


(1.27) 


0 


2) The number of bridges on T* and their indices depend on the choice of the fundamental 
vertex set Vo. In order to get the best estimate in (11 . 19|) and (11.231) we have to choose this set 
Vo such that the numbers Ax and ^ ||r(e)|| 2 are minimal and the number A 0 is maximal. 

eeB * ___ 

3) The proof of the lower estimates in (11.191) and in (11.231) is based on the inequality 


-(r(e), to) 2 ^ /i(a;), V(e,cu) G £>* x S' 


d -1 


xv 


which is proved in Proposition 12.61 


(1.28) 


1.6. Examples of effective masses. We consider the hexagonal lattice G, shown in Figjl]a. 
The lattice G is invariant under translations through the vectors a±, a 2 . The fundamental 
vertex set Vo = {t’i, v 2 } and the fundamental graph G* are also shown in the figure. 

The effective form associated with the beginning of the spectrum is given by 

/i(tn) = | (utf + u>2 — 0 J 1 UJ 2 ') , V u = (cui, oj 2 ) G S 1 (1.29) 

(for more details see subsection 5.2). Since the hexagonal lattice is a bipartite graph, then the 
effective form associated with the upper end of the spectrum is —//(a;). From (II,29)1 it follows 
that 

A < A 30 ) 

On the other hand, the fundamental graph G* has only two bridges with indices (1, 0), (0,1), 
d = 2, x = 6, v = 2. Then A 0 = A l = 1 and the estimate (11.191) gives 


(1.31) 
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M 2 




V2 


FIGURE 1. a) Graphene G; b) the fundamental graph G* of the graphene. 


We note that there is no gap in the spectrum of the Laplacian on the hexagonal lattice. 

Remark. 1) In the present paper we consider effective masses for the both normalized 
Laplacians A defined by (11.31) and combinatorial Laplacians A defined by (14.11) (see Section H]). 
In the case of a regular graph (i.e. the one with constant degrees of vertices), the spectra of 
normalized and combinatorial Laplacians can be easily related. However, these operators 
are different. For example, if a graph is not regular, then these spectra need to be studied 
independently. Moreover, for a bipartite graph the spectrum of the Laplacian A is symmetric 
with respect to the point 1. Then we need to study only a half of the spectral bands. For 
the combinatorial Laplacian A this property holds true only for bipartite regular graphs (in 
this case the spectrum is symmetric with respect to the point xo, where xo is the degree of 
all vertices of the graph). 

2) In Section [3] we also consider effective masses for the Laplacian on metric graphs. 

2. Proof of the main results 

2.1. Floquet decomposition of Laplacians. In Proposition 12.11 we present a property of 
edge indices needed to prove Theorem 12.21 

Proposition 2.1. Let r^^(e*) be the index of an edge e* = (m*,m*) G with respect to 
another fundamental vertex set Vi and let u\,v\ G V± such that u * = fy(ui), m* = fy(ir). 
Then 

r (1) (e*) = r(e*) + [ui] - [mi], (2.1) 

where [m] is the coordinates of the vertex v with respect to the fundamental vertex set Vo. 

Proof. Let e* = (m*,m*) be an oriented edge of the fundamental graph with an index r(e*). 
Then by the definition of the fundamental graph and the formulas (11.61) . (11.71) there is an edge 
e = ( Mo,n 0 + r(e*)) G A, where u 0 ,v 0 G V 0 such that m* = fy(wo), m* = fv(^o)- Due to (II. 5p . 
for the vertex u\,v\ G V\ we have 

tti = ito +[tti], v 1 =v 0 + [v 1 \ (2.2) 

for some [mi], [mi] G Tf . This yields 

Mo = Ml - [Ml], Mo + r(e*) = Ml - [Ml] + r(e*) (2.3) 

and, due to the definition (11.61) of the edge index, 

r (1) (e*) = r (1) (e) = -[mi] + r(e*) + [mi]. 


(2.4) 
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Theorem 2.2. i) The Laplacian A acting on £ 2 (V) has the decomposition into a constant fiber 
direct integral hi. 8 1) . where the Floquet (fiber) matrix A(i?) = {A u „(i?)} U)Ue y„ for the Laplacian 
A has the form 


^Uv(^) 3 U v 


E 




0, 


if (m, v ) G A 
if (m, v ) ^ A 


(2.5) 


Au zs t/ie Kronecker delta, >c v is the degree of the vertex v, r(e) is f/ie index of the edge e G A, 
(•, •) denotes the standard inner product in M. d . 

ii) Let the matrix A^^t?) be defined by h2.5\) with respect to another fundamental vertex set 
Vi. Then the matrices A^^d) and A(d) are unitarily equivalent for each id G T d . 


Proof, i) We omit the proof, since it repeats the proof of Theorem 1.1.i from [ KS14] , 
ii) The identity (12. ip gives that for each (m, v ) G A * 

T { 1 \u, V ) = t(u, V) + [Ml] - [Ml], (2.6) 

where t^(u,v) is the index of the edge (m, u) with respect to the fundamental vertex set Vi, 
Mi, Mi G Vi such that u = fy(Mi), m = jv(ui), M i s ^ ie coordinates of the vertex v with respect 
to the fundamental vertex set ho¬ 
using (12.61) we rewrite the entries of A^qd) defined by (12.5p in the form 


A£?(t>) = s m - 


E 


^(d 1 ) (e),$) 


\/Mr,. 

' e=(u,v)£ At 


= 6 UV - - ^2 e i<r(e) ’^ = e i{lui] - lvi] ^A uv (ti). 


■yj O'Cu'^V 


e=(u,v)eAt 


We define the diagonal v x v matrix 

«(d) = diag(e^’^) ueK , Vd G T d . 

A direct calculation yields 

W(d) A(d)W _1 (d) = A (1) (d), Vd G T d . 

Thus, for each id G T d the matrices A^qd) and A(d) are unitarily equivalent. ■ 


2.2. Floquet matrix factorization. In order to prove our next result we need to choose 
the fundamental vertex set Vo in some special way. Let T = (Vt,£t) be a subgraph of the 
periodic graph T satisfying the following conditions: 

1) T is a tree, i.e., a connected graph without cycles; 

2 ) Vt is a fundamental vertex set, i.e., Vt consists of v vertices of T, which are not 7L d - 
equivalent to each other. Recall that v is the number of vertices o/T*. 

Remark. 1) We need to note that such a graph T always exists, since the periodic graph is 
connected, and T is not unique. 

2) The graph T* = T/Z d is a spanning tree of the fundamental graph T*, i.e., T* = (U*,£t*) 
is a subgraph of T*, which has v — 1 edges and contains no cycles. 
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From now on we assume that the fundamental vertex set Vo coincides with the vertex set 
Vt- Then, by the definition of the edge index, all edges of the spanning tree T* have 
zero indices. 


We recall a simple fact about spanning trees of a connected graph (see, e.g., Lemma 5.1 in 

EZ3]). 

Lemma 2.3. Let e G A* be an edge of the fundamental graph r* ; which is not in the tree T*. 
Then 

i) There exists a unique cycle in r* ; containing only e and edges of T *. 

ii) The length of this cycle, i.e., the number of its edges, is not more than v and the sum of 
all indices of the cycle edges is r(e), where r(e) is the index of e. 

Remark. Item ii) follows from i) and the facts that the number of the edges of T* is v — 1 
and all edges of T* have zero indices. 


Recall that we orient the undirected edges of the fundamental graph T* from the set £* in 
some arbitrary way and denote by B * the set of all bridges from £*. 

Proposition 2.4. i) Each Floquet matrix A(d) , d G T d ; has the following factorization 

A(0) = V*(#)V(0), (2.7) 

where the z/* x v matrix V('d) = {Ve,v(^)} e 6 £ * given by 


v£V* 


Ve, W (0) = 


D i<r( e ),i?) 




if v is the terminal vertex of e 
— 1, if v is the initial vertex of e 

e d r (e), v) _ ^ if e is a loop at the vertex v 
0, otherwise 


( 2 . 8 ) 


p* is the number of edges of the fundamental graph T* from the set £*, u is the number of 
vertices ofT *, (•, •) denotes the standard inner product in M d . 

ii) For each d G T d \ {0} , the rank of the matrix V('d) is equal to v. The rank of the matrix 
V(0) is equal to u — 1. 

Proof, i) Define the matrix-valued function X($) = {X uv (id)} U!ve v* = V*('$)V('$)- We 
show that A($) = A($). Due to the definition (12.8|) of the matrix V($), we have for u ^ v: 

XuM = ^ V;,eW Ve,u(d) = ^ V.:, e (d) Ve,.(«?) + ^ Ve,„(0) 

e=(u,v)££ t e=(T,ii)e£* 


ee£* 


—y 

J K U K V ^ 
v a 1 e=(u,v)e £« 




E 


3 -j<r(e),i?) _ 


\/ye*,, 

V " ‘ e=(v,u)e£* 


E 


,i(r(e),i9) 


\/yc v 

* e=(«,«)62lt 


and for u = v 


(2.9) 


w„w = Ew,.wve,„w = i-2_ v 2 +— v | e iM=).«_i| 

• gs • ^ g/f • 


ee£* 


e=(u,«)s£* 


e=(«,u)€f* 


1-^ cos(r(e), i?). 


e=(u,u)£S* 


( 2 . 10 ) 
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Comparing 02.91) . Q2.10p with (12.51) . we conclude that A(d) = A(d). 

ii) Let V. „(d), v G 14, denote the column of the matrix V(d) corresponding to the vertex v. 
In order to show that the columns of this matrix are linearly independent, we consider their 
linear combination with coefficients a v , v G 14: 

v.„(d) = o. ( 2 -ii) 

vev* 


From this, using the form (|2.8[) of the matrix V(d), we obtain 


— n d( T ( e )d) 


Otn, — 04,6 


Ve = (u,v) G £*. 


Since r(e) = —r(e), where e = (iyit), the last formula can be rewritten in the form 

Ve = (m, v) G A*. 


a u = 


( 2 . 12 ) 

(2.13) 


Let ey,..., ey be bridges on the fundamental graph T* with linearly independent indices 
r(ex),..., r(e d ). Lemma 12.31 gives that on T* there exist cycles W s , s G N^, each of which 
contains only e s and edges of T* and 

T ( e ) = ± 0 . ( 2 . 14 ) 

eGW4 


For each vertex v of the cycle W s the identity (12.131) and (j2.14j) give 

a v (e i{T ^^ -1) =0. (2.15) 

First, we assume that a v ^ 0 for each v G V"*. Then, due to (12.151) . we have 


(r(e s ), $) = 0, VseNrf. (2.16) 

This yields 'd — 0, since the vectors t^x), ..., T(e^) G 7L d are linearly independent. The matrix 
V(0)x2, where x = diag(x 1 ,)^ e v;, is just the incidence matrix of T*. It is known (see, e.g., 
Proposition 4.3 in [B74]) that the incidence matrix of a connected graph with v vertices has 
rank v — 1. From this it follows that the matrix V(0) also has rank v — 1. 

Second, let there exist a vertex v G 14 such that a v = 0. Due to the connectivity of T* 
and the identity (12.13p . all coefficients a v in (12. lip are zeroes. Thus, for all i? G T d \ {0} the 
columns of the matrix V (d) are linearly independent and rank V (d) — u. ■ 


Remark. 1) The precise expressions for the Floquet matrix (12.5p and the factorization (12.71) 
can not be written without a notion of the edge index r(e) introduced in Subsection 1.3. 

2) The matrix d, defined by fll.lfip . is equal to V(0). 


The Taylor expansion of V(d) about the point do = 0 is given by 


V(d) = Vo +£ VrM + e 2 V 2 (w) + 0(e 3 ) as d = elu, 


£ — |d | —> 0, 


where 


Vo = V(0), Vi(w) = V(ew) 


£=0 


V 2 (w) = ^ V(ew) 


oj G S 


d -1 


£=0 


(2.17) 


(2.18) 


We also recall the well-known facts about the kernel of the operator V*(0) and its relation¬ 
ship with properties of the graph T* (for more details see, e.g., Section 4 in [ B74| h For each 
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cycle W on T* we define a vector = (^iv( e )) eef £ C"* by 

( 1, if e G W 

Zw{e) = l -1, if e G W , 
[ 0, otherwise 

where e = (v,u) is the inverse edge for e = (u,v). 


(2.19) 


Lemma 2.5. i) The dimension of the kernel o/Vo = V*(0) is is* — is + 1. 

ii) Let W be a cycle on T*. Then the vector defined by \2.1ft) . belongs to the kernel of 
the operator Vo, he., Vo£vk = 0. 

Hi) As e runs through the set the is* — is + 1 elements £(T,e) G C u *, defined by 112.1 ft) , 

form a basis for the kernel of Vo- 


2.3. Estimates of effective masses. Let A(d) be a band function for A($). Assume that 
A($ 0 ) is a simple eigenvalue of A(d 0 ) for some d 0 with a normalized eigenfunction if ('do, •) G 
C u . Then the eigenvalue A(d) and the corresponding normalized eigenfunction if (id,-) have 
asymptotics as id = d 0 + uj G S d_1 , £ —* 0: 

A(h') = X(d 0 ) + e 2 M) + c ’( e3 )> •) = "00 + + £ 2, 02 + 0(£ 3 ), 

hM = 5 A(t? 0 + ew)| e=0 , if 0 = if (dor), V’i = '0i(w,-) = V’(^o + ew,-)| e=o , (2.20) 

02 = 02 (w, -) = 3 0(^o + £UJ > 0 L =0 ’ 

where ft = du/de and 8 d is the d-dimensional sphere. The Floquet matrix A($), d G T d , 
dehned by 02.51) , can be represented in the following form: 


A(i?) — A('do)li/ — Ao + £Ai((u) + £ 2 A 2 (cu) + 0(e 3 ), 
as d = d 0 + ecu, £ —» 0, u G § d_1 , where 


( 2 . 21 ) 


Ao — A(i?o) — A($o)lU) Ai(cu) — A(i?o + euj ) 


1 v 


e=0 


A 2 (a;) — — A(i?o + £UJ ) , (2.22) 

Z £ = 0 


is the identity is x is matrix. The equation A(d)if(d, •) = A(d)if(d, •) after substitution 
(12.201) . 02.2ip takes the form 


(A 0 + eA^w) + £ 2 A 2 (cu) + 0(£ 3 )) (0 O + eifi + £ 2 02 + 0(£ 3 )) 

= (£ 2 /u(ui) + 0(£ 3 )) (if 0 + £-01 + £ 2 lf 2 + 0(£ 3 )), 


(2.23) 


where ifo,ifi,if 2 are dehned in 02.2011 . This asymptotics gives two identities for any oj G E> d 1 


Ai(u;)^o + A 0 ifi = 0, 

A 2 (u)ifo + Ai(<v)^i + A o 0 2 = hM -00- 


(2.24) 

(2.25) 


Proof of Theorem 11.11 The Floquet matrix A($), d G T d , dehned by 02.51) . can be 
represented in the form 02.211) . Using 02.51) we obtain that the entries of the matrices A s (u;) = 
{A™ (u)}u,vgv*, s = 1,2, dehned by 02.221) . have the form 



—i 

■sJXuXv 


( r ( e )’ w ) 

e=(u, v)£A* 


e *M e ).^0> 


(2.26) 
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2^/XuXu e=(UjU)eA 


£ (r(e),a;}V< T M’*»>, 


(2.27) 


for any uj G § d_1 . Since A($o) is a simple eigenvalue of A(i9 0 ), the Floquet matrix A($), 
the eigenvalue A(i9) and the corresponding normalized eigenfunction 0(71, •) have asymptotics 
(12.20)) . (12.21)1 . where their coefficients satisfy the identities (12.241) . (12.251) . 

We recall a simple fact that A 1 (o;)'0o an d "00 are orthogonal. Indeed, multiplying both sides 
of (I2.24p by 0 O and using that A o 0o = 0, we have (A^q, 0 o ) = 0, which yields A 1 (o;)'0o -L V'o- 
Let P be the orthogonal projection onto the subspace of l 2 {Vf) orthogonal to 0o- From 
(I2.24p we obtain 

0i = -(PA o ) _ 1 PA 1 (o;)0o. (2.28) 

Multiplying both sides of (12.251) by 0o, substituting (I2.28p and using that A o 0o = 0, we have 


li{u) = (A 2 (o;)0o,0o) - ((PA 0 ) 1 PAi(o;)0o, A!(o;)0o). (2.29) 


This yields 

|M W )| < |(A 2 (w)0o,0o)| + |((-PA o ) _ 1 PA 1 (a;)0o, A!(o;)0o)| 

S ||A 2 M|| + IKPAoJ-TH . |A,(m)|* < IIA2MII + - IIA1MII 2 , 1i " i 

P 

where p = p($o) is the distance between A($o) and cr(A($ 0 )) \ (A($o)}. Due to (I2.26p . (12.271) . 
we have 


M e 0 tj)| 


| Ai( cd) || ^ max > ,_ 

■uev, y/^uXv 

e=(u,v)€A* v 


^ max V ALwiJ 

«ev* 

e=( 14 ,- 1 ?) E.A* v 


= T U 


|A 2 (o;)|| ^ max > 

1 V 7 11 ' 


(r(e), w) 5 


^ max > 

1 ^ V. ■ ^ 


re 


u£V* f ^ 2P ugv* ^ 2wT77777 

e=(«,u)£4, v e=(«,«)64 t v 


= r 2 


(2.31) 

(2.32) 


Substituting (12.3IF (I2.32p into (I2.30p . we obtain (11 . 14p . 


Now we consider an effective mass associated with the beginning of the spectrum. It is 
known [SS92j that the lower point of the spectrum of the La.placian A is A0O) = 0. Since 
the fiber operator A(0) is the La.placian on the fundamental graph T* and T* is finite and 
connected, the following statement holds true (see, e.g., (ii07 ). 

The operator A(0) has a simple eigenvalue A(0) = 0. The corresponding normalized eigen¬ 
function has the form 


0(0,0 era", 



v G V0 X = £ Xv 
vev* 


(2.33) 


Proposition 2.6. Let /i(ca) be the effective form at the beginning of the spectrum defined in 
(EH. Then 

i) p{uj) satisfies the following identity 

p(co) = II Vi(w)0o||*- II Vo001* = II ViM0o + Vo0!||*, (2.34) 

for any uj G S d_1 , where 


Vi(ca)0 o = 



(M e )^» ee£t 


G C* 


£ 

vGV ,* 


K = 


(2.35) 
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VoVh = 






G C\ 


e=(u,v)e£«. 


ii) the effective form /i(c o) satisfies 


h(oj) ^-(r(e), ca) 2 , V(e,<v) G £>* x S' 


< 2—1 


KV 


(2.36) 


(2.37) 


Proof, i) Since A($ 0 ) = 0 at $ Q — 0 is a simple eigenvalue of A(0), the Floquet matrix A($), 
the eigenvalue A(i9) and the corresponding normalized eigenfunction if($, •) have asymptotics 
fl2.20p . (I2.2ip at i9 0 — 0, where their coefficients satisfy the identities (I2.24H . (I2.25p . Substi¬ 
tuting (I2.17P into the identity A($) = V*($) V('d) at i9 = eu we obtain 

Ao = VoVo> Vo'0o = O, Ai(ca) = Vo Vi(w) + Vi(w) Vo ; 

A 2 (ca) = Vo V 2 M + VIM ViM + V 2 M Vo, (2.38) 

where A 0 , A s (u;) and Vo, VsM, s — 1,2, are defined in (I2.22p and (I2.18p . respectively. 

Multiplying both sides of (I2.24p by -01 and both sides of (I2.25p by -0o and using the identities 
(12.381) . we have 

(V 1 MMV 0 M + II Vo Ml* = 0, || ViMMI* + (VoMViMM = MM ( 2 -39) 

Then, combining (12.391) . we obtain 

MM = II VrMMI* - || VoMl*- (2.40) 

Relations (I2.39p also imply another representation for /i{u ;): 

MM = || Vi(MM) + VoMI*- (2.41) 

From (12. 8 p we deduce that the matrix Vi(M = {Veoj(M} e6f * is given by 


v£V* 


■ (M e ), u) 


V$(M = 


0, 


if v is the terminal vertex of e 
otherwise 


(2.42) 


Using (I2.42p . (12.331) . (12.81) and Vo = V(0), we obtain (I2.35P and (12.3 
ii) Let e G £>* be a bridge of the fundamental graph T* with the index r(e). Then, due to 
Lemma 12.31 on T* there exists a cycle W such that r(e) = r(e) and the length of W is not 


eew 


more than v. Let £ C"* be defined by (12. 19p . Then, using (12.411) and the Cauchy-Schwarz 
inequality, we have 

MM IIMII* = II ViMV’o + Vo"01II* • ll^wll* |(Vi(MM + VoM£M*l 2 

= |(Vi(MM £,w)* + (Vo M M)*| 2 = |(Vi( cd)' 0 o , £M* + (M Vo <M)*| 2 , (2.43) 

where (-,-)* denotes the standard inner product in C 1 '*. Due to Lemma 12751 ii. Vo Cw = 0. 
Substituting this identity into (12.431) and using that ||£w||* ^ v and (12.351) . we obtain 


x^MM > x|(Vi(MMM)*| 2 = fw( e )( r ( e )>M 


ee£* 


e££. 


5^M(e)r(e),u;^ 

^r( e ),u;\ =(r(e),w) 2 , 


e£W 


2 
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which yields fj2.37j) . ■ 


Proof of Theorem II.21 Due to (12.34(1 we have 

M^) = HViMV’o + VoV’ill*, (2.44) 

where Vi(w)0o and Vo0i are defined by (12.35)1 and (12.361) . 

We will show that 

ViM0 o + VoV’i e kerVo, Vo0i e (kerVo)" 1 - (2.45) 

The identities (12.241) and (12.381) give 

0 = A 1 (o;)'0o + AoV’i = Vo Vi(k00o + V*(^) Vo 0o + Vo Vo 0i = Vo (Vi(<v)0o + Vo 0i) > 
which yields the first formula in (12.451) . Let / € kerVo- Then we obtain 

0 = (Vo/,^i) = (/,Vo^i), (2-46) 

which yields the second formula in (12.451) . 

We recall that d, defined by (11.161) . is equal to Vo- Then from (12.451) it follows that 

ViM^o +Vo^i = P*{ Vi(w)0o + Vo0i) = P* Vi(o;)0 o + P* Vo0i = P*Vi(ca)0 o - (2.47) 
Substituting this identity into (12.441) . denoting h{uj) = Vi(w)0o and using (12.351) . we obtain 

(Hm (H20D. 

Now we prove the lower estimate in (11.191) . We recall that on the fundamental graph T* 
there exist d bridges e 1; ..., e d e £>* with linearly independent indices 

r(ei) = (th, ... ,Ti d ), ..., T(e d ) = (r dl ,... ,r dd ). (2.48) 

Due to Proposition 12.6l ii. we have 

/i(tu) ^ — (r(e s ),a;) 2 , Vs 6 N d . 
x z/ 

Summing these estimates over all s, we get 

M w ) > —v J3( T ( e *)» w ) 2 - ( 2 - 49 ) 

ku a *—' 

S=1 

d 

Using (12.48)1 we rewrite the quadratic form ^ ( r ( e s), a;) 2 in the form 


^(r(e s ),o;> 2 = ^ = 




d d 

= 0Ji Wj r si T sj = {Tq% u, u) ^ A 0 , 

i,j =1 s=l 


(2.50) 


where u = (or,..., (n^) and the dxd matrix % is defined in (II. 17(1 . A 0 is the smallest eigenvalue 
°f 7o*7o- Since the vectors (j2 .48(1 are linearly independent, from (12.49(1 and (12.50(1 we obtain 

n(u) ^ > 0. (2.51) 

xv d 


Thus, the lower estimate in (11.19(1 has been proved. 

















































EFFECTIVE MASSES FOR LAPLACIANS ON PERIODIC GRAPHS 


17 


Now we prove the upper estimate in (II. 19j) . From (I2.40p we deduce 

hM < II ViM^oll*- 


(2.52) 


Substituting (12,35|) into (I2.52j> and using that only bridges have nonzero indices, we obtain 


egg. 


(2.53) 


Similarly (|2.50p we deduce that (T(e),o ;) 2 ^ A x , where A[ is the largest eigenvalue of T*T\ 

egg, 

and the matrix T\ is defined in (1 1.171) . This and (I2.53p give the upper estimate in (1 1.19 [) . 

Finally, we show (11.211) . The following simple bounds for Ao and Ai were given in |SD97] 
and [N07] . respectively: 


An > 


d- 1 

C 


d— 1 


(detTo) 2 , C=Y, Mt 


j,k=1 


vi 


(2.54) 


Ai $ max ^2 l T «l E M = max p + (e 0 ), ^ r + (e)) , 


3 = 1 fc=l 


eg g» 


N^, is the index 


where T + (e) is defined before Theorem P and r(e k ) = (r kl , ..., r kd ), k G 
of the bridge e k G B*. Since all entries of the matrix 7o are integer and 7o is nonsingular, 
(det7o) 2 ^ 1. Then using (12.541) we obtain (j 1 . 21 p . ■ 


Proof of Corollary 11.31 We show the upper estimate in (11.231) . Let Ad be a matrix of the 
effective form /i(cj). And let Mi,..., Add and c5i,..., u d be the corresponding eigenvalues and 
orthonormal eigenvectors of Ad. Then (11.191) implies 

0 < < fj,(u a ) = Ad s 4 . — y^(r(e),o; s ) 2 . (2.55) 

Hvd x ' 

eg g. 

Summing the last estimates we have 

d .j d -I 

Tr M = J2 M s < ll r ( e )H 2 ’ 

s=l s=l egg, egg» 

which yields the upper estimate in (11.231) . Integrating the inequality (11.281) over c u G S d_1 , we 
obtain the lower estimate in (11.231) . 

The estimates (ll.24p follow from (I1.23P and (12.551) . ■ 


3. Effective masses for metric Laplacians 

3.1. Metric Laplacians. In order to define metric Laplacians we identify each edge e of Y 
with the segment [0,1]. This identification introduces a local coordinate t G [0,1] along each 
edge. Thus, we give an orientation on the edge. An edge starting at u G V and ending at 
v G V will be denoted as the ordered pair (u,v) G S. Note that the spectrum of Laplacians 
on metric graphs does not depend on the orientation of graph edges. For each function y on 
T we define a function y e = ?/| , e G S. We identify each function y e on e with a function on 
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[0,1] by using the local coordinate t £ [0,1]. Let L 2 (T) be the Hilbert space of all function 
V — (Ve)e e£> where each y e £ L 2 (0,1), equipped with the norm 

WyWlnr) = H^Hi 2 (o,i) < °°- 

e€£ 

We define the metric Laplacian A M on y = (y e ) ee£ £ L 2 (r) by 

(A M y)e = -y'e, 

where (y")ee£ £ L 2 (V) and y satisfies the so-called Kirchhoff conditions: 

y is continuous on T, (—1 y' e (d(e,v)) =0, Vn £ V, (3.1) 

e£l(v) 


{ 1, if v is the terminal vertex of the edge e 

0, if v is the initial vertex of the edge e, 


(3.2) 


I(v) is the set of all edges of Y incident to the vertex v £ V. 

The metric Laplacian Am on L 2 (r) has the decomposition into a constant fiber direct 
integral (see Theorem 1.1 in | KSl5cj ) 


£ 2 (0 = TTu r i2 ( r -) M ’ = 7 A [“ A„(tf)<W, (3.3) 

[ZTT) Jjd [ZTC) Jjd 

for some unitary operator %. The precise expression of the Floquet operator A m($) see in 
IKS 1 •')(•] . 

Each Floquet operator A m (i?), d £ T d , has the discrete spectrum given by 

E k = (irk) 2 , keN, n £ N„, j = 0,1,2,..., 


z n,j(^) 


z n {$) + 7 rj, j is even 

(vr - z n (i9)) + 7 rj, j is odd 


z n ($) = arccos(l — A n (i?)) £ [0,7r] 


(3.4) 


(for more details, see [ KS15c ]L Thus, the spectrum of the Laplacian Am on the metric 
equilateral periodic graph Y has the form 


(i(Am) - ^(Am) U c/I)(Am), cr ac (A m) — ^"hj-i(^m)) 

(nj)GN„_ r xN 

a fb ( A m ) = crfbi A M ) U A M ), = {(tt k) 2 : k £ N}, 


V oo 


a 


(Am)— [J (J ^(Am), ^j(^m) — [E n j,En,j\i 


(3.5) 


n=v—r+l j =0 


= 


j is even 


{ z n+nj) , 2 

(A - z n) + 7r i) 2 > 3 is odd 


= arccos(l - A„) £ [0,7r], n £ 


Here (T,, c (Am) is the absolutely continuous spectrum, which is a union of non-degenerate 
intervals, and ct/-&(Am) is the set of all flat bands (eigenvalues of infinite multiplicity). 
Remark. 1) The relation between the spectra of A and Am is shown in Fig|2j 

2) For each j £ N the spectral bands oi^-i(A m) and cti^^Am) defined in (13.51) have the 
form 


0i,2j- i(Am) = Aigi-D E t,2j-i} = [( 2 T7 - z tYi (^j)% 
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FIGURE 2. Relation between the spectra of A and O = FAm- 


01,2j(A M ) = E l,2j] = [( 27r i) 2 , Oi + 4) 2 }- 

Thus, there is no gap between these spectral bands and the point (2nj) 2 is the point of 
tangency of these bands (see FigJ2J). 

3.2. Effective masses for metric Laplacians. Let A n (d), n G N„_ r , id G T d , be a band 
function of the discrete Laplacian A and let A n (d) have a minimum (maximum) at some point 
id 0 . Assume that A n (id 0 ) is a simple eigenvalue of A(d 0 ). We denote by p n (uj) the effective 
form for the discrete Laplacian A, defined in (11.131) . Dne to (13.4p . the band functions E n j(id), 
id G T d , j = 0, 1,..., of the metric Laplacian A m have an extremum at the same point ido 
and E n j(id 0 ) are simple eigenvalues of Am (do). The analytic perturbation theory (see, e.g., 
[KSO 1 gives that the eigenvalues E n jf5) have asymptotics: 

En,j($) — -E'nj('do) + c 2 /in,i(w) + 0(£ 3 ), p, n j(uj) = | E n j(id o + £cu)| £=0 , (3.6) 

as id = ido + ecu, u> G S d_1 , £ = |$ — Fo| —* 0, where u = du/de and E> d is the d-dimensional 
sphere. 

Now we formulate the relation between the effective forms for discrete and metric Laplacians. 

Theorem 3.1. i) Let a band function E n) j(id), id G T d , have a minimum (maximum) at some 
point ido and some n — 1, 2,..., v — r; j = 0,1,.... Assume that E n j(id 0 ) {nk) 2 , k G Z, 

is a simple eigenvalue of Am (ido)- Then the effective form /a n j(oj),uj G S d_1 , for the metric 
Laplacian A m at the point id 0 , defined in H3.6\) . satisfies 




2y/E nJ ^ 0 ) 

sin 


(3.7) 


where p n f) is the effective form for the discrete Laplacian at the point idg, defined in M.13) . 
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ii) The effective form //i i0 (to) at the beginning of the spectrum of the metric Laplacian A M 
is non-degenerate and satisfies 


2An 2 ^. . . . o 2Ai 

0 <- - ^ //i, 0 M = 2fj,(u) ^ - Y^r(e),u;) 2 ^- 

K L ' 


xv d 


K = 


eg£?. 


X 




(3.8) 




for any oo 6 where p(ui) is the effective form at the beginning of the spectrum for the 

discrete Laplacian defined in 111. IS I) . v is the number of the fundamental graph vertices, r(e) 
is the index of the edge e e £*; A 0 , Ai are defined before Theorem \1.2l 

Proof, i) Due to (13.41) . we have 

cos z n j(d) = 1 - A„($), where z n j(i9) = \JE nJ (id) . (3.9) 

Differentiating (13. 9 1) with respect to e twice and using that E n j(id 0 + eu) | = 0, we obtain 

(3.10) 


sin2 re j(i? 0 + euf) ■ ■ 

cry—7 9 t E n ,j{A + eu) - X n (id 0 + eu), 

Z Z n j[17o + £U>) 


sin z n j(do) 


o + | e=0 — A n (i9o + euj) | £ 


(3.11) 


2 z nij (d 0 ) u /|£ =° u /|£ = 0 ' 

Using the definitions of the effective forms fi n (co) and p n: j(co) in (I1.13|) and (13.6p . we have the 
identity (13.7[) . 
ii) Due to (13.4[) . we have 


cos^i )0 (d) = 1 - Ai(i9), where zi j0 (i?) = \J E lfi (id) . 
The eigenvalues Ai($) and Ei^fd) have asymptotics as £ = |$| —> 0: 

Ai('d) = £ 2 /a(u) + 0(e 3 ), Eififd) = e 2 p J i$(u) + 0(e 3 ). 


(3.12) 


(3.13) 


Substituting (13.131) into (j3. 12j) and expanding the left side of (j3.12j) into a Taylor series with 
respect to e, we obtain 


1 - E 2 + 0(e 3 ) = 1 - eVM + 0(E 3 ), 


(3.14) 


which yields pi t o(^) = 2ju(ui). This and (11.191) give 

4. Effective masses for combinatorial Laplacians 
The combinatorial Laplacian A on / G £ 2 (V) is defined by 


(4.1) 


(A/)(u) = (f(v) - f(u)), veV. 

(v,u) e e£ 

The discrete Laplacian A on f 2 (D) has the standard decomposition into a constant fiber 
direct integral by 


f(V) = 


(2vr) 


’T d 


did, 


UAU~ l = 


(2vr) 


’T d 


A (id)dd, 


(4.2) 
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T d = W l /(2nZ) d , for some unitary operator U. Here f? 2 (14) = C u is the fiber space and 
A($) = {A uu (i?)} U) „ e v; is the Floquet u x v matrix, having the form 

^ ( E eh T ( e )> 1? > ) if (u,v) G A* 

A uv{fi) = XuSuv ~ { e=(ti,«)G^, , (4.3) 

[ 0, if (u,v) £ A* 

see [KS14j . where (•, •) denotes the standard inner product in W l . 

Let A('d), d G T d , be a band function of the Laplacian A and let A('d) have a minimum 
(maximum) at some point i9 0 . Assume that A($o) is a simple eigenvalue of A('d 0 )- Then the 
eigenvalue A($) has the asymptotics as $ = $ 0 + a; G S d_1 , £ = |i? — i9 0 | —>• 0: 

A($) = A('d 0 ) + + 0(£ 3 ), /i(cu) = | A(d 0 + ecu) | £=0 , (4-4) 

where it = du/de and is the d-dimensional sphere. 


Theorem 4.1. Let a band function \(d), 4) G T d ? have a minimum (maximum) at some point 
$o- Assume that A(i? 0 ) is a simple eigenvalue of A(d 0 ). T/ien t/ie effective form fi(co) from 
(4 -4\ > satisfies 

where T x — - max ^ ||r(e)|| s , s = l,2, (4.5) 


T 2 

|h( w ) | ^ “vr + T 2 , 
P 


e=(«,»)eA 


p = p(i? 0 ) t/ie distance between A($o) an d the set cr(A($ 0 )) \ {A($ 0 )} ; r ( e ) is the index of 
the edge eGi,. 


Recall that we orient the undirected edges of the fundamental graph T* from the set £* in 
some arbitrary way and denote by B* the set of all bridges from £*. 


Proposition 4.2. Each Floquet matrix A(d), %) G T d , has the following factorization 

A(tf) = V*(tf)V(tf), (4.6) 

where the z/* x v matrix V('d) = , x = diag(x t ,) ue v r ,j V('d) is defined by H2.8\) . 


We describe the effective masses for the case of the beginning the spectrum. 


Theorem 4.3. Let be the effective form at the beginning of the spectrum defined in (4-4)- 
Then each fi(co), u> G § d_1 , satisfies 


fifiuj) = \\PJi(u)\\l, 


Ai 


0 < ^ $ pm $ HftMIlS = - E< r < e )- W ) 




A! 


eg B, 


where P* is the projection onto the kernel o/V*(0) and the vector h{uj ) is given by 

M") = At? (G( e ). 6 C "% 


(4.7) 

(4.8) 

(4.9) 


p is t/ie number of the fundamental graph vertices, zq, is t/ie number of the fundamental graph 
edges from £*, || • ||* denotes the norm in C u *, r(e) is the index of the edge e G £*; A 0 , Ai are 
defined before Theorem \ 1.2 . 
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Let a matrix M ^ 0 be defined by the effective form Then the effective 

mass tensor has the form m = M~ l . Let m i ^ m 2 ^ ... ^ rhd be eigenvalues of fa. 

Corollary 4.4. Let eo 6 S». Then at the beginning of the spectrum the following estimates 
hold true 

d 0 < TrM < d u (4.10) 

V -^-- ^ mi > ... ^ m d > i , (4.11) 

A o Ci 

where 

e„=4||r(e„)|| 2 , C l = 1 ||r(e)|| 2 . (4.12) 

v z v z —' 

eeR» 

We omit the proof of these results since the proof for the combinatorial Laplacian repeats 
the proof for the normalized one. 

5. Examples of effective masses 

5.1. Effective masses for the lattice graph. We consider the lattice graph h d = {V,£), 
where the vertex set and the edge set are given by 

V = Z d , £ = {(m,m + af),... ,(m,m + ad), Vm G Z d }, (5.1) 

and a±,...,ad is the standard orthonormal basis, see Figj3]a. The ”minimal” fundamental 
graph L* of the lattice L d consists of one vertex v and d edge-loops (v,v), see Figj3fx All 
bridges of L* are loops and their indices have the form a 1; ..., a^. 



FIGURE 3. a) Lattice L 3 ; b) the fundamental graph L 3 . 


For the lattice graph we have 


X(d) = 1 — — (cos^i + ... + cos $d) — d/i (a;) + 0(e 3 ), as e = |$| —* 0, 

CL 

where the effective form p~(uj) associated with the beginning of the spectrum is given by 


,-M = 4(^ + ... + ^) = 4 


d 

u = (t^s)seNd = 7^7 ^ ^ 


d -1 
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Since v = 1, x = 2d and the indices of all bridges form an orthonormal basis in A 0 = 
Ai = 1 and the estimate (11.1911 yields 


1 

2cP 


^ jJL (oj) ^ 


1 

2d' 


(5.2) 


Thus, the upper estimate in (I1.19P is sharp. The lattice graph is bipartite. Then the effective 
form associated with the upper end of the spectrum p + (u>) = — We note that the 

effective mass for the Laplacian on the lattice graph is independent of direction. 


5.2. Effective masses for the graphene. We consider the hexagonal lattice G (see FigQ]«). 
The lattice G is invariant under translations through the vectors ci\ , <22 • The fundamental 
vertex set Vq = {U 1 W 2 } and the fundamental graph G* are also shown in the figure. The 
fundamental graph G* consists of two vertices v±, v 2 and multiple edges ej = e 2 = e 3 = (ui, v 2 ) 
with the indices r(ei) = (0,0), T(e 2 ) = (1,0), r(e 3 ) = (0,1) (Fig©). 

The Floquet matrix A(d) defined by (12.51) for the hexagonal lattice G has the form 

( 1 -A 12 ('d) \ 

A(tf)= , A 12 (tf) = i l + e^+e 4 *), (5.3) 

V - A 12lW 1 ) 

for all d = ('$i,'d 2 ) G T 2 . This yields that the eigenvalues of each matrix A(d) are given by 

A„(tf) = 1 + (—l) n |A 12 ('d)| , n= 1,2. (5.4) 

The band function Ai('d) attains its minimum only at the point 0 and attains its maximum 
only at the points i'do; 

tfo = (<M) = (T .-t)- < 5 ' 5 ) 

The band function A 2 (d) attains its maximum only at the point 0 and attains its minimum 
only at the points ±i9o- 

Expanding the band function Ai('d) in the Taylor series about the point 0 and using that 
the hexagonal lattice is bipartite, we obtain 

^(u) = l (ujf + - uqu; 2 ), /4M = Vcj = (cji, cj 2 ) G S 1 , (5.6) 

where /i“(c o) and /i+(ca), n — 1, 2, are the effective forms associated with the lower and upper 
ends of the spectral band cr n (A), respectively. 

Since the matrix of the effective form /ub(cu) has the eigenvalues A and |, we have the 
following estimates 

(5-7) 

On the other hand, the fundamental graph G* has only two bridges with indices (1, 0), (0,1), 
d = 2, x = 6, v = 2. Then A 0 = Ai = 1 and the estimate (11.191) gives 

(5.8) 


Each of the matrices A('d 0 ) and A(—d 0 ), where do is defined in (15.51) . has the eigenvalue 1 of 
multiplicity 2. Therefore, there is no gap between the spectral bands. 
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5.3. Effective masses for the stanene lattice. Stanene is a topological insulator, theoret¬ 
ically predicted by Shoucheng Zhang’s group at Stanford, which may display dissipationless 
currents at its edges near room temperature [ Z13j . It is composed of tin atoms arranged in 
a single layer, in a manner similar to graphene. Stanene got its name by combining stannum 
(the Latin name for tin) with the suffix -ene used by graphene. The addition of fluorine atoms 
to the tin lattice could extend the critical temperature up to 100° C. This would make it prac¬ 
tical for use in integrated circuits to make smaller, faster and more energy efficient computers. 
Stanene has a band gap, it is a semiconducting material. That makes it useful as material for 
use in a transistor, which must have a component that turns on and off. For more details see 
izni and references therein. 



The stanene lattice S is obtained from the hexagonal lattice G by adding a pendant edge at 
each vertex of G (Fig®/. The fundamental graph S* of S consists of 4 vertices Ui,u 2 ,u 3 ,u 4 
and 5 edges (Fig®) 

e ! = e 2 = e 3 = (vi,v 2 ), e 4 = (ui,u 3 ), e 5 = (v 2 , v 4 ). 


The indices of the fundamental graph edges with respect to the fundamental vertex set Vo = 
{ui, v 2 , v 3 , u 4 }, see Fig®, are given by 

r (e 2 ) = (1, 0), r(e 3 ) = (0,1), r(ei) = r(e 4 ) = r(e 5 ) = (0, 0). 

For each G T 2 the Floquet matrix A($) defined by (j2.5j) has the form 

/_0 6 ( i ?) 1 0 \ 

6(1?) 0 0 1 

1 0 0 0 

\ 0 10 0 / 

We have the characteristic equation for the matrix A(d) 

16 


A(d) = i 4 


6(i?) = -(l + e Wl +e^ 2 ). 


(A — l) 4 — (A — 1/ 


2 ^ 4 


2X ! 

+ — = 0 . 


The eigenvalues of each matrix A(d) are given by 

A 1am (0) = 1 ± M ± 

The band function 

_ |&W| _ VlW+4 


Ai(d) = 1 


4 


4 
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attains its minimum only at the point 0 and attains its maximum only at the points ±$ 0 , 

4 = = »-¥)■ ( 5 - 9 ) 

The band function 

a 2 (0) = 1 + - V |ft w |2+4 

attains its maximum only at the point 0 and attains its minimum only at the points ±$ 0 . 

Expanding the band functions Ai(d) and A 2 ('*9) in the Taylor series about the point 0 and 
using that the stanene lattice is bipartite, we obtain 

AbM = 35 (^i +£*>2 -0J\0J 2 ), /4M = —(^) = ( w i + W 1 -wiw 2 ), (5.10) 

a 4 M = ( w i + w 2 “W 1 W 2 ), ft(w) = -/4M = M ( W 1 + w 2 -W 1 W 2 ). (5.11) 

Since the matrix of the effective form has the eigenvalues A and h- and the matrix of 

/i^(a;) has the eigenvalues — and — ’ we ^ave the following estimates 

35 < fh( u ) < 55 > < / 4 M < -iio • ( 5 - 12 ) 

On the other hand, the fundamental graph S* has only two bridges with indices (1,0), (0,1) 

4 

forming an orthonormal basis in M 2 , d = 2, x = ^ x v . — 10, u — 4. Then A 0 = A 3 = 1 and 

3 = 1 

the estimate (11.191) gives 

a. = ra <«■(")<; = ro ■ < 5 - 13 ) 

Each of the matrices A($ 0 ) and A(—$ 0 ), where is defined in (15. 9p . has the eigenvalues | 
and | of multiplicity 2 . Therefore, there is no gap between the spectral bands ay (A), 02 (A) 
and between the spectral bands 03 (A), 04 (A). Note that the spectrum of the Laplacian on S 
has the form 

a(A) = a ac (A) = [0;f]u[f;2]. 
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